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MATHEMATICS HONOURS 

Paper: DSE-B(2)-1 

(Point Set Topology) 

Full Marks : 65 

The figures in the margin indicate full marks 

Candidates are required to gve tner answers in their own words 
as far as practicable. 

1. Answer all multiple choice questions. For eacn question, I mark for choosing correct option and 1 mark 

for justification. 2x10 

(a) Consider the set R of real numbers. Let T be the lower limit topology and o be the upper limit 

topology on R. Then 

) TEO i) act 

(11) t = (iv) t and o are non-comparable. 

(b) Let (X, t) be a topological space and A X. It is false that if 

) X, T) is compact, then (4, T is compact 

) X T) is T2, then (4, T) is T2 
(i) (X, T) is first countable, then (A, T) is first countable 

(iv) (X, T) is T1, then (A, Ty is T1. 
(c) Let (X, T) be a topological space such that for every point peX, the sequence {p, P. P, ...} has a 

unique limit p, then (X, T) is 

) T space ci) T2 space 
(i) first countable space 

(iv) compact space 

(d) A connected subset G of the real line R with at least two points must oe 

) a finite set 
(i) a bounded set 

(i) an infinite closed set 
iv) an 

uncountable set. 

() Let f: X, d)>(Yd) be a 
any metric space. Then which us bijection where (X, a) is a compact metric space, (Y, d,) is 
any metric space. Then which of the following is true ) fis a homeomorphism 

) Sis open but not continuous 
i) f-l is closed but not continuous 
Giv) f- is continuous but neither open nor closed. 
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() Let Y- [0. 1]U(2, 3) be endowed with the subspace topology of R. Then which of u 
( 2) 

the following 
is true? 

i) (2,3) is open but not closed in Y 

i) [0, 1] is closed but not open in Y 

(ii) (2, 3) and [0, 1] both are clopen in Y 

(iv) (2,3) is clopen but [0, 1] is not clopen in 
) In the subspace topology on -1, 11, which of the following set is open 

)xeR:slals1} c) fx e R:<x|s1} 

cii) tx e R :sx|<1} (Gv) txe R: -1Sxs;} 

h) Let (R, T,) be the cofinite topological space. Then the set {: n e N} is 

) a closed set (i) an open set 

(i) both open and closed (iv) a dense set. 

)Ris endowed with the topology defined byT={4CR:1 e A} U {Ù}, then the derived set of {1} is 

) 
Gii) R{1} (iv) R. 

g) In a topological space (X, T), A is a dense subset of X and B is dense in A, then B is a 

i) open subset of X i) closed subset of X 
i) dense subset of X (iv) none of the above. 

Unit 1 

(Marks 20) 

Answer any Jour questions. 

2. (a) Consider the set N of natural nuino ** n* {n, n + 1,n+2..... Show that the collectiou 

4n e N} U {0} is a topology on N. 

3+2 (6) Find the derived set of the set {1947) in the above topological space. 
se in X with respect 

3. (a) Prove that every infinite subset of AX IS Oense in X with ro. 

to the cofinite topology. 
set in X, then show (b) If D is dense in a space X and U is an open Set in . 2+ that U=UoD 

opologies on a set X. Show that :a E A} be a collection of topologies. 

opology on X containing all the topologies Ta 
4. (a) Let {T hat there is a nique 

smallest 

(b) Let (X, d) be a metric pace 
and AcX. Prove that A= {x¬ X :d(x, A) = 0 

3+2 
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<b. a, b E Q} is a basis that generates a topology different 5. (a) Show that thee collection e {[a. b): a < b, a, D s Q} is a 

from the lower limit topology on R. 

b) Consider the order topology on the set of natu 

topology on N? Justify. 

of natural numberS, N. Is the topology same as the discrete 
3+2 

6. (a) Consider the following collections of subsets of the set R. 

B, {(a, b): a, b e R} U {(a, b) \A : a, b¬ R and A = { 

P2 {(a, ):a e R 

Show that B and B, are basis for some topologies on R. 

with usual subspace topology are (b) Correct or Justify R with usual topology and 

homeomorphic. 3+2 

7. (a) Prove that if Y is a closed subset of a topologcal space (X, T), then a subset G of Y is closed in 
the subspace (Y. Ty) if and only if it is closed in (X, ) 

(b) Prove that boundary of a finite set A in (R. :,) is A itself, where t, denotes the cofinite topology 
3+2 

on R 

8. (a) What is metric invariant? Correct or Justify A metric invariant is also a topological invariant. 
(b) X is a metric space with metric d. Show that d: X-R is continuous. 3+2 

Unit 2 

(Marks : 10) 

Answer any two questions. 
9. (a) Show that every metrc space is a first countable space afirst countabie space but not necessarily second countable. 

(b) Let X be an uncountable set and D be x SA:pE A}U t6 and p be a fixed point in A. Consider the topology T {4CX:pe A} U t0} on X. Examine whethet 
2+1+2 

amine whether (X, t) is a second countable space. 

10. Let (X, T) be a first countable space and f: X Y be any 
that for any sequence ix,} converging to any poin 
Prove that f is continuous on X. 

d: X Ybe any function (Y being any topological space) uch 
Sxp)} converges to Sx) 

y point r EX, the sequence 

11. Let f:X> Y, g:X>Y be two continuous functio 
logical space (X, T) to a Hausdorff space (Y, o). Prove that tunctions 

from a topologic 

(a) F= {x e X:fx) = g{r)} is a closed set (b) flp gp>f=g where D = x. 
3+2 
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12. (a) A G, set in a space X is a set that equals a countable intersection ot open sets of X. Show that 

if X is a first countable 7-space, every singleton set is a G, set. 

(b) Prove that R endowed with cofinite topology is not a first countable space 

(4) 

3+2 

Unit 3 

(Marks 15) 

Answer any three questions. 

13. (a) (R, T)is the co-countable topological space. Is the set [0. 1) a compact subspace of R? Justiy 

(b) Prove or Disprove: Every infinite compact subset of R is connected. Is the converse true? Justify 
2-3 

14. Prove that the set of components of a topological space forms a partition ot that space. 

15. Let (X, T) be any topological space and B {X\ K: K is compact and closed in (X )}. 

Prove that B is a basis for some topology t' on X such that r'Ct. Prove that (X, ) is compact. 

16. (a) (x, T) is a topological space and AX. C is a connected subset of X that intersects both A and 
X\A. Prove that C intersects boundary of A. 

b) f: [0, 1]> [0, 1] is a continuous function. Show that there exists C e [0, 1] such that f(C) C. 
where [0, 1] is endowed with the usual subspace topology. 2-3 

17. Prove that the union of any family ot connectea Sets every pair of which has an element in common, 
is a connected set in any topological space. 15 nc intersection of two connected sets always connected? 

Justify. 3-2 
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